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2 §1 Real Numbers

1 Real Numbers

⬜ Theorem 1.1 (ℝ is complete):  A sequence converges to a point if 
and only if it is a Cauchy sequence.

Proof :  Any Cauchy sequence has a bounded subsequence. Now con­
sider the set 𝑆 = {𝑥 | 𝑥 ≥ 𝑎𝑛 for all 𝑛 > 𝑁 some N}. This set has a supre­
mum which the sequence must converge to. ∎

Remark : But we still need to prove that there is a supremum!

An upper bound for 𝑆 is a real number 𝑀 where 𝑥 ≤ 𝑀 for all 𝑥 ∈ 𝑆. A lower 

bound is defined similarly.

If a subset of 𝑆 is bounded from both above and below it is called bounded

⬜ Theorem 1.2 :  If 𝑆 is bounded from above it has a least upper bound.
If 𝑆 is bounded from below it has a greatest lower bound.

These are called the supremum and infimum of 𝑆.

Proof :  The real numbers are defined as Dedekind cuts of the rationals. 
Which is a partition of the rationals into two non-empty complementary 
sets 𝐴 and 𝐵 where all elements of 𝐴 are less than all elements of 𝐵 and 
𝐴 has no largest elements. To take the supremum of a set 𝑆, we take the 
union of all the left cuts. ∎

2 Limits and Series

⬜ Theorem 2.1 (Monotone Convergence Theorem):  A monotonic 
increasing sequence which is bounded above converges.

Proof :  Let 𝐿 be the supremum of the sequence. For any 𝜀 > 0 there is 
some 𝑎𝑛 for which 𝐿 − 𝜀 < 𝑎𝑛 < 𝐿 as otherwise the supremum would 
not be minimal. Thus the sequence converges to 𝐿. ∎

Limit supremum and infimum

lim sup
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

sup{𝑎𝑛, …}
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The limit supremum of a sequence 𝑎𝑛 is the limit of the supremum of the tails 
of the sequence. Or what the supremum will eventually be after we throw 
away terms.

We allow the supremum to be +∞ is the sequence is not bounded from 
above.

⬜ Theorem 2.2 :  If a sequence is bounded from above then it’s limit 
supremum is finite.

Proof :  The sequence of suprema is non increasing and bounded from 
above so it converges by ⬜ Theorem 2.1. ∎

The limit infimum is defined similarly.

Convergence of Series A series converges if the sequence of it’s partial sums 
converge.

Remark :  You should already know this one from 250. Anyway, what’s nice 
about this definition is that we actually don’t add infinitely many numbers.

Remark :  Series addition is NOT commutative.

⬜ Theorem 2.3 :  A series converges absolutely if the series of absolute 
values converges. If so it converges.

Proof :  Eventually the partial sums of the absolute values will differ by 
|𝑎𝑖| + |𝑎𝑖 + 1| + … |𝑎𝑗| < 𝑀 which is bounded. Then 𝑀 < 𝑎𝑖 + …𝑎𝑗 < 𝑀 
so the series is Cauchy and thus converges in ℝ. ∎

⬜ Theorem 2.4 :  Rearranging the terms of a absolutely convergent 
series will not change its sum.

Proof :  Quite fun to prove so I’ll make you do it yourself again. ∎

⬜ Theorem 2.5 :  For a series that does not converge absolutely, (condi­

tionally) any limit may be obtained by rearranging the terms.
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Limits of real functions

lim
𝑥→𝑝

𝑓(𝑥) = 𝐿

if for all 𝜀 > 0 there exists a 𝛿 > 0 such that |𝑓(𝑥) − 𝐿| < 𝜀 whenever 0 <
|𝑥 − 𝑝| < 𝛿.

⬜ Theorem 2.6 :  𝑓 is continuous at 𝑥 if the limit at 𝑥 exists and is equal 
to 𝑓(𝑥).

The limit as 𝑥 → ∞ is defined similarly .

3 Differentiation

𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)
ℎ

Remark : I prefer 
𝑓(𝑦)−𝑓(𝑥)

𝑦−𝑥
 it’s symmetric and a bit easier to write.

This limit only exists if the function is continuous at 𝑥.

Local maximum A continuous 𝑓 : 𝑈 → 𝑅 has a local maximum at 𝑥 ∈ 𝑈 if 
𝑓(𝑥) ≥ 𝑓(𝑦) for all 𝑦 in some open interval containing 𝑥.

A local minimum is defined similarly.

⬜ Theorem 3.1 (Fermat's Theorem):  If 𝑓 is differentiable everywhere 
then for every local extrema 𝑥, 𝑓′(𝑥) = 0.

Proof :  Consider a local maxima 𝑥 in any open neighbourhood of 𝑥, 
𝑓(𝑦) > 𝑓(𝑥), we can take both 𝑦 > 𝑥 and 𝑦 < 𝑥 in this neighbourhood. In 
either case 

𝑓(𝑦)−𝑓(𝑥)

𝑦−𝑥
< and > 0. So the limit must be 0, as otherwise if it’s 

𝑡 we can pick an epsilon < 𝑡 and get a contradiction! ∎

This is why we shouldn’t consider boundary points to be local extrema, 
because this proof would not work.
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⬜ Theorem 3.2 (Rolle's Theorem):  If 𝑓 : [𝑎, 𝑏] → ℝ is a continuous 
function which is differentiable on the open interval (𝑎, 𝑏) and 𝑓(𝑎) =
𝑓(𝑏), then there exists some 𝑐 ∈ (𝑎, 𝑏) where 𝑓′(𝑐) = 0.

Proof :  [𝑎, 𝑏] is compact therefore 𝑓[𝑎, 𝑏] is compact too hence bounded 
from above and below and so there exists a global maximum and 
minimum. Either 𝑎, 𝑏 are both maximums and minimums or there is 
a global maximum / minimum somewhere in (𝑎, 𝑏) and hence a local 
maximum / minimum. We are done by ⬜ Theorem 3.1. ∎

⬜ Theorem 3.3 (Mean value Theorem):  If 𝑓 : [𝑎, 𝑏] → ℝ is continuous 
and differentiable on (𝑎, 𝑏) then there is a point 𝑐 where 𝑓′(𝑐) = 𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
.

Proof :  Define 𝑔(𝑥) = 𝑓(𝑥) − 𝑓(𝑏)−𝑓(𝑎)

𝑏−𝑎
𝑥. Then apply ⬜ Theorem 3.2 to 𝑔.∎

⬜ Corollary 3.3.1 (Racetrack Principle):  If 𝑓′(𝑥) ≤ 𝑔′(𝑥) for every 𝑥 >
0, then 𝑓(𝑥) ≥ 𝑔(𝑥) for every 𝑥 > 0.

Proof :  Take the function ℎ(𝑥) = 𝑓(𝑥) − 𝑔(𝑥). Then ℎ′(𝑥) ≤ 0 so ℎ(0) is 0. 
If there is any point where ℎ(𝑥) < 0 then the secant line 0 ⟷ 𝑥 has 
negative gradient but ℎ(𝑥) has positive gradient at some point by the 
mean value theorem. Contradiction!. ∎

Smoothness A function is smooth if it has derivatives of all orders.

Example (Intuition Check) :  The following function has all derivatives at 
0 = 0.

𝑓(𝑥) = {𝑒− 1
𝑥 𝑥 > 0

0 𝑥 > 0

⬜ Theorem 3.4 (Jensen’s Inequality):  𝑓 : (𝑎, 𝑏) → ℝ is twice differen­
tiable and 𝑓″(𝑥) ≥ 0 for all 𝑥. 𝑓( 𝑥+𝑦

2
) ≤ 𝑓(𝑥)+𝑓(𝑦)

2
.
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Proof :  (𝑓′)′(𝑥) ≤ 0 the function 𝑓′(𝑥) must be decreasing as otherwise 
by ⬜ Theorem 3.3 a secant line of 𝑓′(𝑥) would have positive gradient 
and hence 𝑓″(𝑥) is positive at some point. Contradiction!

Now assume if 𝑓( 𝑥+𝑦

2
) > 𝑓(𝑥)+𝑓(𝑦)

2
 then 𝑓(𝑦) − 𝑓( 𝑥+𝑦

2
) > 𝑓( 𝑥+𝑦

2
) − 𝑓(𝑥).

The secant line 𝑥 ⟷ 𝑥+𝑦

2
 has smaller gradient than the secant line 

𝑥+𝑦

2
⟷ 𝑦. Then by ⬜ Theorem 3.3 there is some point in (𝑥, 𝑥+𝑦

2
) where 

it’s gradient is less than some point in ( 𝑥+𝑦

2
, 𝑦). Contradiction!. ∎

4 Power series and Taylor series

A power series is the infinite sum

∑
∞

𝑛=0
𝑎𝑛𝑥𝑛 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + …

Radius of Convergence

1
𝑅 = lim sup

𝑛→∞
|𝑎𝑛|

1
𝑛

with the convention that 𝑅 = 0 if the left hand side converges.

Analytic A function is analytic at 𝑥 if it is equal to a power series in some 
neighbourhood of 𝑥.

For a smooth function the series ∑ 𝑓(𝑛)(𝑝)

𝑛!
𝑧𝑛 is it’s Taylor Series. If it’s analytic 

the power series is exactly this Taylor Series.

Example (Resolution) :  The following function has all derivatives at 0 =
0, but it’s not analytic.

𝑓(𝑥) = {𝑒− 1
𝑥 𝑥 > 0

0 𝑥 > 0

5 Riemann Integration

Uniformly Continuous A continuous function over metric spaces is uni­
formly continuous if for all 𝜀 there is 𝛿 so that

𝑑𝑀(𝑝, 𝑞) < 𝛿 ⇒ 𝑑𝑁(𝑓(𝑝), 𝑓(𝑞)) < 𝜀

the difference is that 𝛿 does not depend on 𝑝 or 𝑞.
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⬜ Theorem 5.1 (Compact Spaces imply Uniform Continuity):  A con­
tinuous function 𝑓 : 𝑀 ⟶ 𝑁 where 𝑀 is a compact metric space is 
uniformly continuous.

Proof :  Suppose for some value of 𝜀 we can never find a corresponding 
value of 𝛿, hence for all 𝛿 there exists pairs (𝑝, 𝑞) such that 𝑑𝑀(𝑝,𝑞) < 𝛿 
but 𝑑𝑁(𝑓(𝑝),𝑓(𝑞)) ≥ 𝜀

Consider when delta is 1, 1

2
, 1

3
, …, this gives us the pair of sequences 

(𝑝𝑛, 𝑞𝑛) such that 𝑑𝑀(𝑝𝑛,𝑞𝑛) < 1

𝑛
 but 𝑑𝑁(𝑓(𝑝𝑛), 𝑓(𝑞𝑛)) ≥ 𝜀. A subsequence 

of 𝑝𝑛 converges to some 𝑥 and so the corresponding subsequence of 𝑞𝑛 
must also converge to 𝑥. Which means the corresponding 𝑓 sequences 
converge to the same points too, but they don’t because they differ by 
epsilon. ∎

Dense A subset 𝑋  of a topological space is dense if every open subset of 𝑆 
contains a point of 𝑋.

Example :  The rationals are dense in the reals.

⬜ Theorem 5.2 (Extending uniformly continuous functions):  Let 𝑀 be 
a metric space and 𝑆 a dense subset of 𝑀. If 𝑓 : 𝑆 ⟶ 𝑁 is uniformly 
continuous function.

↑

𝑓
↑

∈

↑̃𝑓
𝑀 𝑁

𝑆

Then there is exists a unique continuous function ̃𝑓 such that the 
diagram commutes.

Proof :  Construct a cauchy sequence in 𝑆 which converges to 𝑥 ∈ 𝑀 by 
picking smaller and smaller 𝜀 neighbourhoods around 𝑥.

It is possible to prove that the 𝑓 of this sequence converge to something 
in 𝑁 due to uniform continuity. Define ̃𝑓(𝑥) to be this limit. ∎
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Remark : This is such a cool way to set up integration by the way.

Let 𝑀[𝑎, 𝑏] be the set of continuous functions over the interval [𝑎, 𝑏] as well as 
the set of rectangle functions. We’ll denote the rectangle functions as 𝑅[𝑥, 𝑦].

This is a metric space with the metric sup|𝑓(𝑥) − 𝑔(𝑥)|. The set of rectangle 
functions is dense over 𝑀[𝑎, 𝑏].

The integral of a rectangle function is the sum of the areas of the rectangles. 
We will let this be ∑ : 𝑅[𝑥, 𝑦] → ℝ.

↑

∈

↑

∑

↑∫
𝑀[𝑎, 𝑏] ℝ

𝑅[𝑎, 𝑏]

This is how the definite integral is defined. In words it is the limit of the area 
under the rectangle functions which approximate the function.
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